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Abstract

We find Hamiltonian balance equations (HBE) in Eulerian variables in the momentum formulation. This is done by
expanding Hamilton’s principle (HP) for the primitive equations (PE) in powers of the Rossby number, ¢ « 1, truncating at
order O(e). then retaining all the terms that result from taking variations. An alternative set of Hamiltonian balance equations
is derived in isopycnal variables (IHBE). The two sets of approximate equations HBE and IHBE differ from PE and isopycnal
PE (IPE) at order O(e~). Each of these four systems conserves energy and possesses an exact Kelvin theorem, which implies
exact potential-vorticity advection. However, HBE and IHBE are balanced, while PE and IPE are not.
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1. Introduction
1.1. Background and problem statement

We say a fluid motion equation is balanced, if specifying the fluid’s stratified buoyancy and divergenceless velocity
determines its pressure through the solution of an equation which does not contain partial time-derivatives among its
highest derivatives. The Euler equations for the incompressible motion of a rotating continuously stratified fluid are
balanced in this sense, because the pressure in this case is determined from the buoyancy and velocity of the fluid by
the Poisson equation (1.11). However, the hydrostatic approximation of this motion by the primitive equations (PE)
is not balanced, because the Poisson equation for the pressure in PE involves the time-derivative of the horizontal
velocity divergence, which alters the mathematical character of the Euler system from which PE is derived and may
lead to rapid time dependence [9]. Balanced approximations which eliminate this potentially rapid time dependence
have been sought and found. usually by using asymptotic expansions of the solutions of the PE in powers of the
small Rossby number, ¢ < 1. after decomposing the horizontal velocity u into order O(1) rotational and order O(e)
divergent components. as u = £ x Vi + eV x, where ¥ and x are the stream function and velocity potential,
respectively, for the horizontal motion. (This is just the Helmholtz decomposition with relative weight €.)
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Balance equations (BE) are reviewed in the classic paper of McWilliams and Gent [24]. Succeeding investigations
have concerned the well-posedness and other features of various BE models describing continuously stratified
oceanic and atmospheric motions. For example, consistent initial boundary value problems for BE are examined in
[12] and regimes of validity for BE are determined in [13]. Balanced models in isentropic coordinates are discussed
in [14]. The development of methods for the numerical solution of BE [28], and the applications of BE to the study of
vortex motion on a B-plane [25,26], and to wind-driven ocean circulation [27] have also been discussed. In studies
of continuously stratified incompressible fluids, solutions of BE that retain terms of order O(1) and order O(¢)
in a Rossby number expansion of the PE solutions have been found to compare remarkably well with numerical
simulations of the PE [26]. Discussions of the relation between BE and semigeostrophy have also recently appeared
[15,32].

One recurring issue in the literature is that, when truncated at order O(¢) in the Rossby number expansion, the
BE for continuously stratified fluids conserve energy [23], but do not conserve potential vorticity on fluid parcels.
Recently, Allen [3] formulated a set of BE for continuously stratified fluids that retains some terms of order O(ez)
and does conserve potential vorticity on fluid parcels. Allen calls these balance equations “BEM equations”, because
they are based on momentum equations, rather than on the equation for vertical vorticity, as for the standard BE.
One advantage of the momentum formulation of BEM over the vorticity formulation of the original BE is that
boundary conditions are more naturally imposed on the fluid’s velocity than on its vorticity. A disadvantage of
the BEM equations formulated in [3] is the absence of any systematic derivation of them from a higher-level fluid
theory.

Here we find Hamiltonian balance equations (HBE) in the momentum formulation by using the weighted
Helmholtz decomposition for # and expanding Hamilton’s principle (HP) for the PE in powers of the Rossby
number, € <« 1. This expansion is truncated at order O(¢), then all terms are retained that result from taking varia-
tions. As preparation, we discuss an asymptotic expansion of HP for the Euler—Boussinesq (EB) equations which
govern rotating stratified incompressible inviscid fluid flow. This asymptotic expansion of HP for the EB equations
has two small dimensionless parameters: the aspect ratio of the shallow domain, «, and the Rossby number, €. Setting
a equal to zero in this expansion yields HP for PE. Setting ¢ also equal to zero yields HP for equilibrium solutions
in both geostrophic and hydrostatic balance. Setting @ = 0, substituting the e-weighted Helmholtz decomposition
for u and truncating the resulting aysmptotic expansion in € of the HP for the EB equations yields HP for a set of
nearly geostrophic HBE. The resulting HBE differ slightly from Allen’s BEM equations by certain terms of order
0(62) which are dropped in [3]. However, a redefinition of pressure due to P. Gent shows the HBE and BEM models
are equivalent.

The HBE model is

d .
eEuR+62uRjVujD+f2xu+Vp=0. o+ p. +€’ur -up: =0
.. dp
Wlthgza,p+u'Vp+ewp:=O and V.-u+ew.=0, (1.1)

where the horizontal fluid velocity is given by # = ug + eup = £ x V¢ + € V., subscript z denotes vertical
derivative and the rest of the notation is explained in Section 1.2. Dropping all terms of order O(e?) from either
HBE or BEM recovers the BE discussed in [12,13]. As we have discussed, the HBE retain the order O(e?) terms in
the equations that arise from HP for the PE at order O(¢). These order 0(62) terms retained in the HBE provide the
conservation laws due to symmetries of HP at the truncation order O(¢). Retaining these terms does not improve
the order of accuracy of the HBE to order 0(62) because the HBE do not retain all order 0(62) terms which could
result from the PE via the asymptotic expansion in ¢ using the e-weighted Helmholtz decomposition. However,
since the resulting HBE differ from EB and PE only at order O(e?) and do share the same conservation laws
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and Hamiltonian structure, they may be valid approximations for times longer than the expected order O(l/¢)
for BE.

By their construction from a HP which possesses the classic fluid symmetries, the HBE conserve integrated
energy and conserve potential vorticity on fluid parcels. Their Hamiltonian structure endows the HBE with the
same type of self-consistency that the PE possess (for the same Hamiltonian reason). After all, the conservation
laws in both HBE and PE are not accidental. They correspond to symmetries of the Hamiltonian or Lagrangian
for the fluid motion under continuous group transformations in accordance with Noether’s theorem. In particular,
energy is conserved because the Hamiltonian in both theories does not depend on time explicitly, and potential
vorticity is conserved on fluid parcels because the corresponding Hamiltonian is invariant under the infinite set of
transformations that relabel the fluid parcels without changing the Eulerian velocity and buoyancy. See, e.g., [31]
for a review. The vector fields which generate these relabeling transformations turn out to be the steady flows of the
HBE and PE models. By definition, these steady flows leave invariant the Eulerian velocity and buoyancy as they
move the Lagrangian fluid parcels along the flow lines. Hence, as a direct consequence of their shared Hamiltonian
structure, the steady flows of both HBE and PE are relative equilibria. That is, steady HBE and PE flows are
critical points of a sum of conserved quantities, including the (constrained) Hamiltonian. This shared critical-
point property enables us, for example, to use the Lyapunov method to investigate stability of relative equilibrium
solutions of HBE and PE. See [ 18] for an application of the Lyapunov method in the Hamiltonian framework to the
stability of PE relative equilibria. According to the Lyapunov method, convexity of the constrained Hamiltonian at
its critical point (the relative equilibrium) is sufficient to provide a norm that limits the departure of the solution
from equilibrium under perturbations. See, e.g.. Abarbanel et al. [2] for applications of this method to the Euler
equations for incompressible fluid dynamics and Holm et al. [20] for other applications to a range of fluid and
plasma theories.

Thus, the HBE possess the same Hamiltonian structure as EB and PE, and differ in their Hamiltonian and
conservation laws by small terms of order O(e?). Moreover, the HBE conservation laws are fundamentally of the
same nature as those of the EB equations and the PE from which they descend. These conserved quantities —
particularly the quadratic conserved quantities — may eventually be useful measures of the deviations of the HBE
solutions from EB and PE solutions under time evolution starting from similar initial conditions.

The plan of the paper is as follows. Section | introduces the dimensionless EB equations and defines the notation
and scaling regime in which we work. Section 2 derives the dimensionless EB equations from HP and Section 3
discusses their restriction to the PE. upon setting the aspect ratio («) of the domain to zero in the equations of
motion. Section 3 also rederives the PE by making this same restriction in the HP for EB, thereby setting up the
theme of Rossby-number expansions in HP by which we derive the HBE in Section 4. Section 4 also discusses
the conservation laws, Kelvin circulation theorem and Hamiltonian formulation for the HBE. Section 5 compares
the HBE with other BE in the literature and discusses solution procedures for the HBE based on their relation to
the BEM equations of Ref. [3]. Section 6 gives explicit expressions for the Kelvin circulation theorem, potential-
vorticity advection and energy conservation for HBE. Section 7 presents the Hamiltonian formulation of the HBE
in the Eulerian representation and shows that the HBE steady flows are relative equilibria, by showing that they
are critical points of the sum of the Hamiltonian and the conserved functionals of buoyancy and potential vorticity
for HBE. Section 8 begins our study of isopycnal HBE, by first discussing the isopycnal representation of the PE.
Section 9 transforms the HBE into the isopycnal representation and then presents an alternative isopycnal HBE
(denoted IHBE) in which the pressure equation attains a much simpler form than for the direct transformation of
the HBE from Eulerian to isopycnal coordinates. The IHBE model is derived by making the ¢-weighted Helmholtz
decomposition of the horizontal fluid velocity in terms of gradients along level surfaces of buoyancy p (instead of
level surfaces of height, #2) and using the layer thickness %, as the measure in the inner product in which orthogonality
is defined. The IHBE motion equations are given by
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GEuR_G upjVig + fZ x @+ V(p +€-iig - iip + ph) = 0, (1.2)
ph, + (p+ €*iig - iip), = 0,

where tilde ~ denotes dependence on (x. y, p, 1) and subscript p denotes partial derivative. The nondivergent and
divergent components of the horizontal fluid velocity in isopycnal coordinates are expressed as
a:aR+eﬁD=2xW7+h Vi, (1.3)
Jel
where ¢ and 7 are the stream function and “velocity potential”, respectively, for &. The IHBE are closed by the
kinematic conditions,
o= _3h+a-¥h (e definition of vertical velocity)
W= — = . e definition of vertical velocity),
a Y (1.4)
othy, ==V - h,it (incompressibility),

in which |,4| and |V k| are order O(e).

The IHBE model differs at order O(e?) from the Isopycnal BE of Gent and McWilliams [14] by the effects
of the weight 1/ A, in éip which lead to an order O(€?) different circulation theorem while producing an exactly
conserved energy not present in the Isopycnal BE. See Section 9 for full details. Section 10 discusses the Lie—Poisson
Hamiltonian formulation of IHBE which results from its derivation via HP. Finally, Section 11 discusses IHBE in
comparison to the isopycnal primitive equations (IPE) and Isopycnal BE.

1.2. Dimensionless Euler—Boussinesq (EB) equations

We consider the motion of a rotating continuously stratified ideal incompressible fluid governed by the adiabatic
inviscid Euler equations, in which the effects of buoyancy are treated in the Boussinesq approximation and the
Coriolis parameter is allowed to vary spatially. We use dimensionless variables in Cartesian coordinates (x, y, z) to
write the Euler equations in the Boussinesq approximation (EB equations) as

d
Viuy =V . u+ew. =0. e—d$+fz‘xu+Vp:().

5 5> dw dp
‘a“— 4+ p+ p- =0. — =0
¢ dr P dr

(1.5)

The notation used here reflects the asymmetry between horizontal and vertical directions induced by the strong
tendency of the solutions of these equations to remain in hydrostatic and geostrophic balance. These balances are
enforced physically by gravity and rotation about the vertical and are obtained formally by setting ¢ =0 ande =0,
respectively, in Eq. (1.5) In this notation, three-dimensional vectors and gradient operators have subscript 3, while
horizontal vectors and gradient operators are left unadorned. Thus, we denote

x3 = (x.y.2), x = (x.y.0),
uy = (u, v, ew). u=(u. v, 0).
3 3 R (1.6)
Vi={(—,—.—, V=|— —.0]}, :
. (Bx 3y 6:) (ax v O)
d 0

— = +u3-Vi=38 +u -V +ewd..
dr at
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and 7 is the unit vector in the vertical - direction. Without risk of confusion, we denote vertical derivatives such as
w- = dw/dzand p. = dp/dzin Eq. (1.5) with subscript z. Note that the vertical component of the three-dimensional
velocity vector u3 in the set (1.6) is weighted by the parameter € (Rossby number).

We form dimensionless variables using the scales (L. B, Uyp. fy) for, respectively, horizontal length, vertical
depth, horizontal velocity, and Coriolis parameter. The dimensionless Rossby number € and aspect ratio «, are both
expected to be small parameters,

Uo

B
€e=—— &1 and = — 1. 1.7
foll e a-n

Denoting dimensional variables with primes gives the following scale relations:

(x.y) =" yYy/L. =B
(u.v) = (u', ")/ Uy, ew =w'L/(UyB).
t =1t'Uy/L. flx.v)y= &' v fo. (1.8)

p=p'/pc. with pc = poUs fol = poUg /e.
p=p/pc. withpc = pc/igB) = pyF?/e.

where py is the constant reference density, g is the constant acceleration of gravity and F = Uy/+/gB is the Froude
number, F < 1. (In terms of the external Rossby deformation radius, Lg = /g B/ fo. the Froude number is also
expressed as F = eL/Lg.) Thus, in Eq. (1.5), the quantities (u, v. ew) are the dimensionless velocity components
in the (x, v.z) coordinate directions, ¢ is time, and f is the dimensionless Coriolis parameter. In addition, the
quantities p and p are the dimensionless pressure and buoyancy, respectively.

We are primarily interested in the case of small Rossby number and shallow fluids, € « |, @ « 1, with slow

spatial variations in dimensionless Coriolis parameter f (ex) and bottom topography z = —b(ex) so that
IVfl=0() and [Vb| = Ofe). (1.9)
The boundaries at the surface, z = 0, the slowly varying bottom, z = —b(ex), and the sidewalls are all taken to be

rigid, so the fluid velocity satisfies ux - iz = 0 at the boundary with rigid lid, sidewalls and bottom, where #i3 is the
three-dimensional outward unit normal vector at the boundary. For simplicity, the sidewalls of the domain are taken
to be vertical. Thus, in this geometry, the boundary conditions are expressed as

€w|.—o = 0, W= piexy = —U - Vb, u - Alyides = 0. (1.10)

where # is the horizontal outward unit normal vector at the boundary. The pressure is determined in the EB theory
by requiring & V3 - u3 = 0 and solving for the p in the dimensionless Poisson equation which results from taking
the 3-divergence of the motion equation in the set (1.5). Namely,

Ap + (p-- + p)ja? + V3 [es- Viuz+ 2 xu| =0, (1.11)

where A is the Laplacian in the horizontal coordinates. (Note the scaling in z by « and subscript notation for z
derivatives.) This equation is to be solved with Neumann boundary conditions which are obtained by evaluating
the normal component of the horizontal EB motion equation at each vertical sidewall. Thus, in terms of the normal
derivative p, = dp/dn = i - V p, one imposes

Pn+A-fZxu=cuy - (Viiz) - uz=cu-(VA) u=—ecxu 8, (1.12)

at each lateral boundary, where § is the horizontal unit tangent vector (which is unique up to a sign) and « is the
(only) curvature in the horizontal plane. We assume that the unit vertical vector Z, the outward unit normal vector
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A, and the unit tangent vector § form a right-handed orthonormal coordinate frame on the boundary, so £ x /2 = §.
Consequently, we may rewrite the boundary condition (1.12) as

pn—(f —exu-§u-5§ =0, (1.13)

where the horizontal velocity is tangential on the boundary; so (u - $)2 = |u|? there. Thus, the product xu - § of
the curvature of the vertical lateral boundary of the domain and the tangential velocity of the fluid appears in the
pressure boundary condition as a shift in the Coriolis parameter. (This curvature term in the pressure boundary
condition was pointed out to the author by C.D. Levermore.) In the case of the EB equations, solving the Poisson
equation (1.11) with Neumann boundary conditions (1.13) determines the pressure p from the buoyancy p and the
fluid velocity components, # and w. So the EB equations with four degrees of freedom (u, w, p) are balanced both
in the sense used here and in the sense of removing acoustic waves.

2. HP for ideal fluid dynamics in Eulerian variables
2.1. HP for the dimensionless EB equations
The dimensionless Euler-Boussinesq (EB) equations (1.5) arise from HP, §£gg = 0, under variations of the
Lagrangian particle lables [4(x3,1), A = 1,2.3, at constant Eulerian position x3 and time ¢. The constrained
action Lgp for the HP leading to the EB equations (1.5) is given in dimensional form in [1,19]
Lgg = f dr/ Ex[LeD(jul® + e’ w?) + Du - R(x) ~ Dpz — p(D — 1] 2.1
where curl R(x) = f(ex)Z, the quantity D is defined by D = det(V3/4), and the pressure p appears as a Lagrange

multiplier which enforces incompressibility. By definition, the fluid particle labels /4 (x3, 1), follow the three-
dimensional fluid velocity u3 = (u, v, ew) and therefore satisfy the advection law,

drt ot A aoa B M

?=a—l+u3-V3l' =0" +u-VI" +ewl! =0. A=1.23 (2.2)
Hence, we may write the components of the fluid velocity u; i = 1.2, 3, in terms of partial derivatives of /4, as

i Ly At ;

uy=—(D )A«;. i=1,23. (2.3)

where we follow the convention of summing on repeated indices over their ranges and (D! )'A is the inverse of

DI."‘ = (azf‘/ax;), the 3 x 3 Jacobian matrix for the map from Eulerian coordinates to Lagrangian fluid labels.

The inverse matrix exists, provided the determinant D = det(D;*) does not vanish. This determinant is equal to a

constant (taken to be unity) for incompressible flow. Indeed, as a consequence of (2.2), D satisfies the continuity

equation
aD
— = —V3 - Du;. 2.4)
at

Thus, if D is initially equal to unity, it will remain so, according to (2.4), provided V3 - u3 = 0 at all times, as

ensured by the Poisson equation (1.11) for pressure.

Varying the action Lgg in (2.1) at fixed Eulerian coordinate x3 and time ¢ gives
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8Lgp = / d;/ &*x[(Deu + DR(x)) - su + *a?wsu — Dzsp + (3e(ul* + 2’ w?)
+u-R(x) — pz— p)dD — (D — 1)ép]. (2.5
This is expressible in terms of variations 8/ with respect to the Lagrange coordinate /4, by using the following
relations derived from the definitions of D, u3, and p,
8D = D(D Y, 817,
Sufy = —(D™N)udslh — (D814, i j=1.2.3, 2.6)

30 oA ~14i g4

Remark (on indices). The placement of indices — raised or lowered — is immaterial in Cartesian coordinates. We
place them to indicate properties under general coordinate transformations. As a rule then, lowered indices sum with
raised ones. Subcript-comma notation denotes partial derivatives. For example, [ = 8/*/3x/ and 14 = 81* /1.
The comma is dropped for simplicity in denoting partial derivatives of familiar quantities such as p. and s, where
no confusion can arise.

Upon substituting the definitions of dp. du4 and 8D in terms of 814 into the variational formula (2.5) and
integrating by parts using the tangency conditions (1.10) on the velocity at the fixed boundary — that uz - i3 = 0 -
the variation of the action (2.5) becomes

8LEB :f dr/ {84 [9(DD N, (eui + R) + €2’ DD} w)

+0; (Du_{.[(D_l)’A(eu,ﬂ +R)) +62a2(D_l)’;u'])]
8149 [DD ") (p+2p —u- R~ Le(ul* + era”u))]
—D(D 8% zp; = 8p(D — 1} 2.7
Rearrangement of formula (2.7) using the continuity equation (2.4) for D and the identities
. d . :
. e . . —1 —1yi —
9D =D "D} (DD Yy), =0. 5P Yy =ub (D7 (2.8)

gives the final expression for the variation of the Euler-Boussinesq action,
3.0 Syl d 3 2 2 d 3
8Lgg= | dt | d'x{D(D "), 6l eEu,' +d e o va#uf(R,;j —Rji)+8p+pi

—(D — l)8p}. (2.9)

where 5,3 is the Kronecker delta and the reader is reminded that u; (without subscript 3) is the horizontal fluid
velocity, so it only has components i = 1, 2. Notice that

W (Ri j — Rj.i) = —(u x curl R); = (f% x u);. (2.10)
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since R depends only on the horizontal Eulerian position. x. Vanishing of §Lgp in (2.9) for arbitrary variations
81 and 8p within the domain of flow now implies the dimensioniess EB equations (1.5). This is HP for the EB
equations in Eulerian variables.

2.2. More general forms of the action for Eulerian ideal fluid dynamics

For any action £ depending on the fluid variables /* only through the quantities 3, D and p, and with incom-
pressibility imposed by constraining D to be constant, HP gives

d 138 168L ; 5L 1 L
8L = /d:/d‘ {D(D ¥, 817 *—L.u#— =) 4 —pi— A(D~1)ap}
dtDau} Da ™ \sD), Do

3 al 5 af L 0Ls L3L
/dr/d {a,[D(D RS ;j|+dx{[D(D )Aal( 0+ 55| @2.11)

Vanishing of the coefficient of 8/ gives the motion equation, vanishing of the coefficient of §p gives incompress-
ibility, and vanishing of the exact-derivative terms gives the boundary conditions. From this motion equation, one
obtains the Kelvin circulation theorem

C Lol e § L2420 2.12)
Dous ° Dop LT '

y(x) yit)

where the contour y () moves with the fluid velocity #3 and D = 1 is imposed by the Lagrange multiplier, p,
the pressure. The Kelvin circulation theorem (2.12) is a general result of HP for any action £ expressed in the
Eulerian fluid variables (u3. D. p). Thus, one may develop approximate Eulerian fluid models which possess a
Kelvin circulation theorem, simply by making approximations in the original HP. This is our strategy here.

The quantity §£/8u3 appearing in the circulation integral in Kelvin’s theorem (2.12) plays an important role
in the Hamiltonian formulation of ideal fluid dynamics in Eulerian variables. Indeed, the chain rule and relation
(2.3) for the velocity u3 imply 8£/8us = —m4V3l?, where m4 = SE/(Slf} is the momentum density canonically
conjugate to /* in the Hamiltonian formulation. Consequently, the circulation integral in (2.12) becomes

1 8L TA A
Cdxr = — - d‘. 2.1
Douy %p ! (2.13)

yin yr)

and D = 1. Hence, Kelvin’s theorem (2.12) states that the circulation integral (2.13) is invariant when the fluid
contour y(t) lies on a level surface of p. In the Hamiltonian formulation, this invariance characterizes the class of
fluid flows generated by HP with action £(u3. D, p) in the same way that invariance of Poincaré’s action integral
# p dg characterizes the Hamiltonian dynamics of classical particles — as canonical transformations in phase space.
Thus, from the Hamiltonian viewpoint, Kelvin’s theorem is the geometrical statement of invariance of the fluid action
integral § 74 d/* on level surfaces of buoyancy. (Incidentally, this geometrical statement takes the same form in
Lagrangian fluid variables — invariance of § IT- dX on level surfaces of buoyancy, where IT is the momentum
canonically conjugate to the fluid trajectory X (/4. 1).)

Applying Stokes’ theorem to the relation (2.12) on a surface of constant buoyancy S(¢)|, with boundary y (¢)

ds
/ / “‘(557) Viigs =0 19

S

yields



D.D. Holm/ Physica D 98 (1996) 379414 387

Thus, the flux of this curl (which turns out to be the absolute vorticity in fluid applications) through a surface
of constant buoyancy is invariant under the incompressible flow whose motion equation arises from variations
of {4(x3. 1) in HP, Eq. (2.11). Moreover, Kelvin’s theorem and advection of the buoyancy p together imply the
advection law for potential vorticity.

aQ 1 6L

1
— V30 =0 withQ=— — ). V;p. 2.15
5, Tu 30 with Q DV3X<Dau3) Vip (2.15)

Thus, advection of potential vorticity is also a general result of HP for any action of the form L(us, D, p). This
property may also be obtained directly from the three-dimensional curl of the motion equation arising from HP in
(2.11), i.e., from the “vorticity equation™,

0 1 6L 1 8L\ 1 6L
— V3 =— ] —V; == P . 2.1
o v X(D&l}) V- x(u;xV;x(D&”)) V;(D(Sp)xv_g,o (2.16)

Finally, the exact derivative terms in the variational equation (2.11) vanish, provided: (1) the variations 814
vanish at the endpoints in time; and (2) either u3 - s = 0 = 8x3 - /3 at the fixed boundaries (as we assume, with
x4 = (D™"),81*), or the following condition is satisfied:

8L 1 8L

——R3 4 == ——(u3 - fiz) = 0. 2.17
DTS 55 3 13) (2.17)
at free boundaries (i.e., moving boundaries without traction). This is the starting point for generalizing the present

considerations from fixed to moving boundaries in Eulerian variables.

3. Restriction of the EB to the primitive equations (PE)

Setting the aspect ratio parameter « to zero in the EB equations (1.5) yields the dimensionless primitive equations
(PE) of ocean and atmosphere models: namely,

V-u+ew- =0, eilf+f2><u+Vp:().

dp ds
o
Setting @ = 0 in the EB vertical motion equation (1.5) imposes hydrostatic balance in the PE, which allows the
pressure p to be determined from the vertical integral of the buoyancy p, by the third equation in the set (3.1). The
vertical velocity w is determined in the PE from the vertical integral of the continuity equation, the first equation
in the set (3.1). Thus, the pressure p and the vertical velocity w in the PE are both diagnostic variables. We shall
see later from the viewpoint of HP that p and w are both Lagrange multipliers, which impose the constraints of
incompressibility and hydrostaticity. respectively. Thus, the PE system, written in terms of the five variables p, p,
and u3, with two constraints, has only three remaining degrees of freedom, in agreement with the number of partial
time derivatives in the PE (3.1).

The PE form a dynamical system which clearly inherits its structure from the EB equations. For example, the
Kelvin circulation theorem and the conservation laws for potential vorticity and energy in the EB system lead to
those for PE, as follows. Let us define the or*-weighted three-dimensional velocity v3 = (u, v. €a?w). Then the EB
equations (1.5) are expressed more compactly in the equivalent form

3.1

p+p-=0. 0.

€0;v3 —u3 x curly(evy + R) + pZ + V3(p + %gu3 . v;) = 0.

d 32
Vi-u;=0 and d—”’:o. (3.2)
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The PE emerge from these equations when & — 0 and, consequently, v3 — u.
3.1. Kelvin theorem for PE

The EB motion equation in (3.2) implies the following Kelvin circulation theorem for any closed curve y (¢)
moving with the fluid;

d d i
E f (EV} +R) . d.X'3 = f [E(GV:; +R) + (EU}»,‘ + RJ)Vgué:l . dX}
yir) y1}
= % pZ- dxz + % V}(—p+%6u3~v;+u3-R)- dxs
vy yir)
=— ‘tﬁ pdz, 3.3)
y(r)
where we have re-expressed the EB motion equation using the fundamental vector identity of fluid mechanics,
U xcurl V= (U V3V -U/V3V,. (3.4)

which holds for any three-component vectors U and V. Setting & = 0 replaces v3 by u in Eq. (3.3) and thereby
produces the Kelvin theorem for the PE.

d d .
’n %(HH—R)- drs = % [E(eu+R)+(eu,/+Rj)V3u/] - dx;

Y )

:*¢p2-dx3+fV}(—p+%e|u|2+u‘R)-dx3

yiry v

__ % pd-, (3.5)

yir)

An application of Stokes’ theorem in Eq. (3.3) implies that the flux of total vorticity curlz(ev3 +R) through a surface
of constant p is invariant. From the viewpoint of the Hamiltonian formulation, the Kelvin circulation property of
the EB and PE systems is a fundamental property of Eulerian ideal fluid dynamics. Indeed, any approximate ideal
fluid model misses being a fluid theory to the extent that it sacrifices the Kelvin circulation property. Fortunately, as
we have seen in Section 2.2, this property is preserved by any approximate ideal fluid model derived from HP with
action L(u3, D, p). Thus, HP asymptotics for such an action is guaranteed to produce an ideal fluid model which
possesses the Kelvin circulation property.

3.2. Potential vorticity for PE

The three-dimensional curl of the EB motion equation in (3.2) yields the total vorticity equation

)
gCUI‘]}(GI’} + R) — curly (u3 x curlz(evs + R)) =2 x V3p. (3.6)

Combining this result with the remaining two equations in (3.2) gives

dQEB
dr

=0 with Qgp = curlz(evz +R) - V3p. 3.7
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When we restrict to o = 0, we replace v3 with u = (u. v.0) and (3.7) becomes the advection law for the PE
potential vorticity, given by

dQpE
dr

Advection of both Q and p (where Q is either Q g5, or Qpg). combined with the weighted divergence condition
and tangential boundary conditions on u3, yields an infinity of conserved quantities

=0 with Qpg = curls(eu + R) - V3p. (3.8)

Co :/dR.x (0. p). (3.9)

for any function @, and for either the EB. or the PE fluid theories.
3.3. Energy conservation for PE

Taking the dot product of the EB motion equation in (3.2) with the velocity #3 = (u. v, ew) and summing with

Zz times the buoyancy equation gives energy conservation for the EB equations, in the form
d
g(%em vi+pz) + Vi (p+ Jeus vy + pziuz = 0. (3.10)

In the case o = 0, this EB energy conservation equation restricts to that for the PE, again by replacing vz with u.
Namely,

9 ) )
o (36l +p3) + Vi (p+ Selul’ + p2Jus =0, G.11

where p is now the pressure for the PE. The energy integral.
E= f d*x(Seu)® +2p). (3.12)

is then time independent for PE solutions satisfying the boundary conditions (1.10).

The Kelvin circulation theorem (3.5) and the conserved quantities £ and Cg for the PE are evidently the o = 0
legacy of the corresponding properties for the EB. We shall see later (in Section 7) how to interpret £ and Co from
the viewpoint of the Hamiltonian formalism.

3.4. HP for the dimensionless PE

The dimensionless constrained action Lgp in (2.1) which leads via HP to the EB equations (1.5) is expressed in
terms of the a”-weighted velocity va = (u. v. ea”w) as

LEp = f drf d*x[LeDus - vy + Du - Rx) — Dpz — p(D — D]. (3.13)

where u3 = (u. v. ew). Setting the aspect ratio parameter « to zero in Lgg in (3.13) immediately provides the
action in HP for the dimensionless PE (3.1).

Lpg = f dr/ d*x[LeDul® + Du-Rwx) — Dpz — p(D - 1)]. (3.14)

Varying Lpg with respect to the fluid particle labels /4 (x3. 7). with A = 1,2, 3, at fixed Eulerian position x3 and
time ¢t now leads to the PE, upon retracing the steps taken between Eq. (2.5) and (2.10) in deriving the EB equations.
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Thus, from the viewpoint of HP, imposition of hydrostatic balance corresponds to ignoring the kinetic energy of
vertical motion by setting o = 0 in the EB action (2.1).

Remark. In the other limit, € — 0, HP for Lgp (cf. Eq. (2.9)) gives
fixu+Zp+Vip=0, (3.15)

which enforces both hydrostatic and geostrophic equilibrium balance.

4. Balance equations via HP
4.1. Setup

Balance equations (BE) approximate the PE by using asymptotic expansions and an e-weighted Helmholtz
decomposition of the horizontal fluid velocity # = £ x Vi + €V x to remove the potentially high-frequency
compression waves which arise in deriving PE, as @ — 0 while imposing the hydrostatic approximation on the EB
equations. The source of these waves is the order 0O(e?) partial time-derivative of the divergence of the horizontal
velocity in the Poisson equation for the pressure,

—-Ap =€,V -u+V. [e(u3 -V3u+ fIx u] withV - u = —ew-. 4.1

obtained from the divergence of the PE motion equation in (3.1). Removing this term to higher order in € establishes
a balanced pressure equation, which determines the pressure from the velocity without using time derivatives.
Apparently, the accuracy of BE compared to the PE depends on the Rossby number being small, ¢ < 1. Thus,
we are in the realm of approximation theory and in possession of the small dimensionless parameter €. In making
approximations, though, we wish to preserve two potentially opposing structural aspects of the original EB equations:
their balanced nature and their Hamiltonian property. Our approach in doing this is to continue the theme of small-
Rossby-number expansions in HP discussed in Section 3. The approximate equations we derive this way will have
the advantage of being Hamiltonian systems. Such systems will conserve energy and potential vorticity at each
order in the e-expansion, because they preserve the fundamental symmetry properties of HP for fluids. They will
also admit Hamiltonian methods for their subsequent analysis. Thus, our strategy is to first seek approximations
of the PE that are Hamiltonian, then to check whether they are also balanced. A similar strategy is used in [30]
for deriving approximate models of rotating shallow water dynamics which satisfy energy and potential-vorticity
conservation.

BE modeling begins. [12-14], by expressing the dimensionless horizontal velocity vector u as the e-weighted
sum of its rotational and divergent parts, #r and up. respectively,

u=ur +eup=ZxVy +eVy,
or uR = (ur. vr.0) = (—¥y, ¥, 0) up = (up. vp.0) = (Xx. x,. 0). 4.2)

Thus, in BE modeling the rotational part of the horizontal velocity is assumed to dominate its divergent part, in
proportion to the ratio of the Coriolis force to the nonlinearity in the PE. In the Helmholtz decomposition of u, the
BE ordering assumption implies that

curlzuz = (ewy — VR;. —€wx + UR:, URy — URy )

43
Vi u3 =€(upy + upy) +ew- =0, (@.3)
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and, thus, in terms of ¥ and .,

;=2 curlzuz = vpy — URy = Yo + W\-_\- = Ay

divee = uy + vy = €(upy + vpy) = €Ax. @4
The continuity equation in (4.3) then gives

w. = —AX. 4.5)
so w is determined from x and the top boundary condition, w|-—¢ = 0. Vice versa, up is determined from w by

up = —A"'Vu.. (4.6)
Hence, variations in up are related to variations in w and x by

dup = —~A"'Vosw = Viy. 4.7

Finding x from w via the Poisson equation (4.5) requires a boundary condition on x, in order to invert the
horizontal Laplacian in (4.7). The condition that the velocity ¥ = ug + €up be tangential at the boundary gives
fi-ur +€h -up = 0, so one could take 7 - ur = O(e) on the boundary and expand ug in powers of € to match order
O(e) terms at the boundary. However, for simplicity, we follow Ref. [12] in setting the normal components of both
velocities to zero separately at the boundary. This choice gives the homogeneous Neumann boundary condition,
n-up =0.ie..

xn=0 withy, =0 -Vyx =h-up. (4.8)
and enforces

at each (vertical) lateral boundary. where # is the two-dimensional outward unit normal vector at each level surface
of the height z. This choice is restrictive, since it eliminates Kelvin waves, which may be important in maintaining
balance when an interior flow is strongly influenced by waves on the boundaries [12]. Nonetheless, we shall use
condition (4.8) in our discussion of the €-expansion of HP in Section 4.2 and decline to discuss the question of more
general boundary conditions at this point. Gent and McWilliams [12] offer several alternative choices of boundary
conditions for balanced models in a finite domain. Such boundary conditions could be incorporated into the HP
approach by using the standard technique of adding a null Lagrangian to L. (A null Lagrangian is the space and time
integral of a total divergence, whose only contribution in HP appears at the boundary. See. e.g., [11] for discussion.)
However, we do not pursue this approach here.
The partial time-derivative of the boundary condition (4.9) must also vanish, so that

A - oiugr = —Y, = 0 at the boundary. (4.10)

This relation will be useful later, in proving energy conservation for HBE in Section 6.

Counting degrees of freedom. The Poisson equation —Ay = w-, with x, = 0 at the domain boundary,
determines x from w and, thus, the number of degrees of freedom reduces from three for the PE (¢, p, x) to only
two for the HBE (1. p). The HBE reduction is thus intermediate between the PE and model equations in which the
potential vorticity alone is used to determine the velocity, see. e.g.. [3,32] for more discussion of the counting of
degrees of freedom involved in balance models.
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4.2. The e-expansion of HP for EB and PE

The relative ordering in € assumed for u in (4.2) allows us to expand the kinetic energy of horizontal motion
[#]? = jug + eup|? which appears in the action for the EB equations (2.1) and rewrite this action as a nested sum,
ordered in powers of €,

Leg =Ly + €L +€2£2 +63E3 -{—€3a2£4
:/ dz/ d*x [Du - R(x) — Dpz — p(D — l)]+e/ dtf &*x1Dju — eup?

+e2/ dz/ d’x D(u—euD)-uD+e3/ dt/ d3x%D|uD|2+e3a2f dt/ ExiDw? (4.11)

The Rossby-number expansion of HP §Lgg = 0 now gives a hierarchy of equations which is ordered in powers of
€. Each equation in the hierarchy will be Hamiltonian and will conserve energy and potential vorticity, although
not all of them will necessarily be balanced in the sense that we use here that the pressure is solved as a diagnostic
variable from an equation with no partial time derivatives appearing at highest derivative order.

4.2.1. O(¢) variation and the HBE
As in Eq. (3.15), variation of the leading order action gives

(SE()zfdz/ S [DD Y81 (f2 x u+ 20 + Vip) — (D — 1p], (4.12)

whose vanishing implies the leading order conditions of geostrophy, hydrostaticity, and incompressibility.
Upon using definitions (2.6) and dup = V38 from (4.7), the variation of the next entry in the e-series for the
action in (4.11) is expressed as

8L :] dz/ d&*x[5lur|*6D + Dug - (5u — esup)]

:/ dt/ dix [’D(D")"Aalf‘ (%uR —|—euRjV3uljj> —eDuR.vax]. (4.13)

13

The final term in (4.13) may be shown to vanish, by using the divergence theorem. Namely,

/dtf d*xDug - Véy = / dz/ d*x [V - (Durdy) — 8xV - (Dugr)],

:/ dz/ dzf ds DA - ursy —/ dt/ dBx8xV - (Dug). (4.14)

Both terms in (4.14) vanish, one because of the boundary condition ug - # = 0 and the other because the expression
Dur = Dz x V4 has no horizontal divergence when D = 1. Hence, the sum of Eqs. (4.12) and (4.13) gives
[cf. Eq. (2.11)]

. d .
8(Ly +£1)=/ dI/ d3x|D('Dﬁl)lA§1A I:(fﬁ xu+2p+Vip)+e (E;MR+EuRjV3u6>:|

1

—(D~ l)ép—ezﬁxv-’DuR}+€2/ dt/ dzjﬁ ds D - upéy. (4.15)

HP now implies the HBE; namely, the O(e?) motion equation in the Rossby-number hierarchy which arises from
vanishing of the sum 8(Lo 4 €Ly) in Eq. (4.15). The HBE motion equation is found to be
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d .
eEuR+62uRjV3u]D+f2xu+2p+V3p:O. (4.16)
In addition, we have
D=1, div Dur = 0, fi-ug =0 on the boundary. 4.17)

The kinematic relations that complete the system are

d
d_f‘) =0 and 9,D = —div3z Dus. (4.18)

These relations follow from advection (2.2) of the Lagrange coordinates and the definitions
p=pU?) and D =dey(Vil?). 4.19)

As an immediate consequence of Eq. (4.18), the constraint D = 1 implies V3 -u3 = 0, so the flow is incompressible.
With dup /9t absent in Eq. (4.16), waves due to horizontal compression are absent. Thus, the motion equation in
(4.16) is balanced, in the sense that no time-derivatives appear in the equations which determine the pressure, p,

Ap+V -[f2 xu+e(uy - Vaug + € (ur; V)] =0, 4.20)
P: +,0+62uRju{): =0, .
where A = 3y, + 0y, is the two-dimensional Laplacian. Given p, ug and up, the Poisson equation in (4.20) for the
pressure p is solved with Neumann boundary conditions,
ap

3 .
— + €uRj—uh + A [ f2 x u+e@s - Viur] = 0. 4.21)
an on

applied at each vertical lateral boundary, whose outward unit normal vector 7 is horizontal. By V3 - u3 = 0 and
it - ur = 0 = 7i - u on the boundary, we find

R (a3 V3)ur = —wjubdnii = —ulghi ju’ = k@ ug)@ - u), (4.22)

where § is the horizontal unit tangent vector and « is the curvature of the boundary in the horizontal plane. Since
Z, i, and § are assumed to form a right-handed orthogonal coordinate frame on the boundary, we may then rewrite
(4.21) as, cf. Eq. (1.13),

P+ €2urjuth, — (f = ekyn) (Un + €x5) = 0. (4.23)

Solving the Poisson equation (4.20) determines the pressure p from the buoyancy p and the velocities ur and up
for HBE, just as in the case of the EB equations, without the appearance of any time-derivative terms. Thus, the
motion equation obtained from the first two terms in the HP e-series is balanced. It turns out that the next-order set
of equations obtained from the HP hierarchy is not balanced in this way.

Remark (on boundary conditions, constraints, and the weighted Helmholtz decomposition for HBE). The boundary
conditions summoned by HP for the HBE (4.16) are expressed in terms of the Helmholtz velocity decomposition
(4.2), as

fi-ug =0 =n-up at the boundary, 4.24)
and are expressed in terms of the velocity potential x and stream function ¥, as

Ys =0 = x, atthe boundary. (4.25)
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In the variation 6£) in Eq. (4.13). the horizontal velocity potential x looks, at first, like a Lagrange multiplier
which could enforce fi-ur = 0 (or, equivalently, ¥ = 0) on the boundary and V - (Dug) = 0 in the interior region of
the flow. However, the variation & x is related to the vertical velocity variation w by (4.7) and this, in turn, is related
to variations of the Lagrangian coordinates by the formula (2.6) with i = 3. After a computation, this last relation
implies a nonlocal contribution to the equation for ugr, which however vanishes when the ug-divergence condition
V - (Dug) = Ois satisfied, as imposed by the Helmholtz decomposition (4.2) and the p-constraint, D = 1. At first
sight, this convenient simplification appears to be a coincidence. However, recall that the preservation in time of
the ug-divergence condition by the horizontal motion equation (in combination with hydrostaticity) determines the
pressure, p. Thus, the Helmholtz decomposition (4.2) makes sense as a dynamical constraint. In fact, the functionally
related pair, w and x, may be regarded as a single Lagrange multiplier which imposes the u g-divergence condition,
V - (Dur) = 0, as a constraint and whose dynamical preservation determines p, the (hydrostatic) pressure. It
remains then, to determine w and x together, by the method of Lagrange multipliers.

We remark also that the ur-divergence condition is consistent with a weighted Helmholtz decomposition,

u=ug +eup =~V x wz+%vx, (4.26)
according to which ugr and up are orthogonal with respect to the measure D, i.e.,

f d*x Dug -up = 0. (4.27)
In the present case, the additional constraint D = 1 is imposed by the other Lagrange multiplier, p, the pressure in

the action (4.11). So the weight in the Helmholtz decomposition (4.26) turns out to be unity, as appears in Eq. (4.2).
Thus, HP provides a self-consistent framework with an orthogonal decomposition of the variables in the Rossby-
number expansion of the horizontal velocity. It also gives a solution procedure for these variables (the method of
Lagrange multipliers) and natural boundary conditions.

Remark (on the case of a single layer at constant p). In the case of a single layer of fluid undergoing columnar
motion (i.e., d-u# = 0) at coustant mass density, the O(¢) action Lgg in (4.11) reduces to

Lo =[Lo+€Li]r- -layer

fdt/dxd\ Du - R(x) — p(D — blex)) + LeDlu — eup|]. (4.28)

where z = —b(ex) at the bottom. The assumption d-u = 0 allows us to perform the z-integration in the action
(4.11). In this situation, incompressibility, V3 - u3 = 0, and the top boundary condition w|.—o = 0, imply that w
may be expressed in terms of u as

ew=—zV u. (4.29)
The bottom boundary condition, ew|.-_; = —u - Vb, then gives weighted incompressibility
V .bu=0. (4.30)

Variations of the single-layer action in (4.28) give

8Ly —/ dt/ drd»{D(D ) 8¢ IiemuR—ke uRJVuD+fz Xu+Vp}

1

— (D — b(ex))ép + ezéxV - bex)ug I —€? f ds f ds b(ex)it - urdy, 4.31)
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where i,a = 1.2, and we have integrated by parts as in Eq. (4.15). HP now implies the single-layer equation
(cf. the HBE (4.16))

edituk—l—ezuRjVu{J+f2xu+Vp:O. (4.32)
as well as (cf. Eq. (4.17))

D = b(ex), V -bur = 0, ii -ug =0 on the boundary. (4.33)
Finally, we have the kinematic relation

D = -V - Du, (4.34)

which completes the system. Inserting the constraint D = b(ex) with 8,6 = 0 into the last equation recovers
the weighted incompressibility condition (4.30) for u. Then, since # = ur + €up and up = Vi, the condition
V - bug = 0 in (4.33) which leads to a balanced pressure equation, combined with weighted incompressibility
(4.30), implies

V. .bVy=0: (4.35)

whose only solution for b > 0 and x, = 0 on the boundary is x = constant. Hence, up = 0 and the single-layer
HBE system (4.32)—(4.34) reduces to

d
ea—f-u-{—fixu—}-Vp:O with V - bu = 0. (4.36)

These are the so-called “lake equations™ of Ref. [10], placed into a rotating frame. Egs. (4.36) with f = 0 and
€ = | are obtained in [10] as the leading order equations in an asymptotic expansion of the EB equations (1.5) in
powers of the aspect ratio « in Eq. (1.7). See Refs. [10,21,22] for detailed discussions of the properties of the lake
equations and also of the higher-order, nonhydrostatic, equations that arise in the shallow-water expansion of the
EB system.

4.2.2. O(e*) variation and higher-order fluid equations
Next, the vaniation § £ from (4.11) is calculated as follows:

8Ly = / dt/ d3x [(ur - up)8D + Dup - Su + D(ur — €up) - dupj

. d .
:f dt/ x84 (-auo — ug; V3uf, + %ev3|uD|2) —e/ dz/ ExDyxsw.  (4.37)

Using the relations in (2.6) allows us to express the last term in (4.37) as

, d
—e/ dr/ d*x Dydw = —/ dt/ dx D0, 814 <2T)If+exV3w) : (4.38)

The motion equation arising from HP, §(Loy + € £ + €°L£>) = 0, is found to be

d d
e Ut fixutio+Va(p+ L3 upl?) - 632*(1—); — ' x V3w =0. (4.39)

This equation retains rapid fluctuations due to waves of horizontal compression at order O(e?) and is not balanced in
our sense, because its 3-divergence contains time derivatives. Moreover, it differs from the PE only by 0O(€3), since
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the term eZuR J V3u{) in (4.16) cancels in computing (4.39), as might be anticipated from the “nested” appearance
of the sum (4.11) for the action. We pursue Eq. (4.39) no further. Its only purpose is to show which terms are being
neglected in the € « 1 asymptotics of HP for the PE, when we truncate at order O(e?) in Eq. (4.16). Varying the
fourth term in the Rossby-number series for the action in (4.11) cancels the 0(63) and 0(64) quantities in (4.39)
and returns us to the PE.

Prospect.  For the rest of this paper, we shall focus our attention on the HBE (4.16)—(4.18). Obtained systemat-
ically from a Rossby-number expansion of HP for the PE, the HBE system inherits several advantages beyond that
of being balanced. These advantages include self-consistent boundary conditions, Kelvin's theorem, and conserva-
tion of energy and potential vorticity, as well as a Hamiltonian formulation in which to make at least qualitative
comparisons between its solution properties and the corresponding properties of the PE which it approximates.

5. Comparison of the HBE with PE and other BEs in the literature

The HBE (4.16)-(4.18) may be conveniently rewritten in terms of horizontal and vertical velocity components,
as
€ ug + €2wur- + (€7 + f)f xu+ Vip+ %eluklz + €’ug -up) =0,

p+p;+ezuR~uD: = 0.
.. dp 5.1
WlthE =qptuz Vip=0dp+u-Vo+ewp. =0,
V -u+ew, =0 whereu =ug + cup.

The HBE differ from the PE at order O(e2). The nature of this difference becomes clear, upon writing the PE (3.1)
as “HBE plus order O(e2)",

€dur + € wug: + (¢ + /)i x u+ V{p + Lelug)? + ’ug - up)
= —ela,up — e3qu: — %63V|u0|2.
P+ p: + € uR -up: = €ug - up:. (5.2)
. dp
with a =0 p+u -Vop+ewp. =0,
V- -u+ew- =0, whereu = ugr + €up.

in which the left-hand sides of the first two equations are the HBE, and the right-hand sides are order O(e?)
adjustments required to obtain the PE. We interpret the O(e?) differences as unbalanced perturbations of HBE that
could potentially lead to high-frequency, or rapidly growing fluctuations [9].

Expanding the buoyancy p around a time-independent background stratification 5(z) as p = p(z) + €/(x3, 1)
gives the buoyancy equation as

d dp
Buoyancy equation : —(5 — S(2)w =0. where — 5(z) = d‘")'
By taking the curl of the horizontal motion equation in (5.1), the equation for the vertical component of vorticity,

¢ =2 curlug = Ay, is found to be

d
E(c+£)+(eg+fmx +eVuw- Vi =0, (5.4)

(5.3)
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or, equivalently,
Vorticity equation © 0, + (Y. + f/el+ fAx +eV - (wV Y. +¢Vyx) =0, 5.5

where the square brackets denote the Jacobian, e.g., [V. x| = ¥ xy — ¥y x». Now |V f| = O(e), by the scaling
assumption (1.9). Sou - V f/e = O(1) and the ¢ equation (5.4) contains only O(1) and O(¢) terms. Taking the
horizontal divergence of the ur equation in (5.1) gives the following balanced equation for pressure (in which we
recall thatur =2 x Vi, up = Vi, and w- = —Ay),

Divergence equation:  Ap —V - (fVy) —2¢[¢. ] +elx. fl
+e2 (AW x] + [x. AY]+ [W-. w]) =0. (5.6)

The divergence equation (5.6) relates pressure and velocity to each other without requiring any time derivatives.
Hence, these equations are balanced. The z component of the motion equation in (5.1) is also balanced in the same
sense,

Hvdrostasy equation ©  p + p- + 62[1//. x-1=0. 5.7

In comparison to other BE in the literature, the BE discussed in [ 12,13] retain only order O(1) and order O(e) terms
in Egs. (5.4)—(5.7) and in their boundary conditions. The BEM equations of Allen [3] differ from Egs. (5.4)—(5.7),
by having one different O(e?) term in the divergence equation (5.6) and no O(e?) term appearing in the hydrostasy
equation (5.7). The O(e?) term in the HBE (5.7) breaks the exact hydrostatic relationship of the PE, in order to
ensure that the balanced motion equations (5.1) will be Hamiltonian in the original Eulerian fluid variables. (This
order O(e?) term will also play an important role in deriving a balanced omega equation for w.) As pointed out to
the author by P. Gent, the HBE equations transform to the BEM equations of Allen [3], upon introducing a new
pressure, P, related to the physical pressure, p. and horizontal velocity decomposition # = ur + €up, by

P- = p-+€ug up. = p- + €Y. x: . (5.8)

which may be formally integrated, as

p+62uR-uD:P+62/uR:-uDdz. (5.9)

where p is the pressure in our notation and P is the pressure in the notation of Ref. [3]. In the rest of this paper, we
shall retain our present notation for pressure. However, we keep in mind the equivalence of the HBE equations to
Allen’s BEM model [3] under Gent's redefinition of pressure (5.9), especially for the sake of the numerical solution
procedures and linearized analysis discussed in [3]. This equivalence between HBE and BEM also allows us to take
advantage of the numerical and analytical comparisons already made between solutions of BEM and other balanced
models [3,7]. These numerical comparisons are made with horizontally periodic boundary conditions [7]; so the
difference in the definitions of pressure in (5.9) between HBE and BEM in the horizontal boundary condition (4.23)
is not an issue. Also, the curvature x at the boundary vanishes for a periodic domain.

Although the HBE divergence and hydrostasy equations (5.6) and (5.7) for p and x decouple from the rest of the
system and could be addressed separately, it is better to solve them as part of the larger system (5.1). The method for
doing this in BE theory is to calculate a so-called “omega equation”, [12]. The omega equation for HBE is found by
calculating the sum of three equations: the Laplacian A operating on the buoyancy equation (5.3), plus the operator
f3/dz acting on the vorticity equation (5.5) and 9%/8zdr acting on the divergence equation (5.6). On taking this
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sum and using the hydrostasy equation (5.7), the highest order derivative terms cancel identically and one finds the
following omega equation for determining the vertical velocity w,

Omega equation :  —S(z)Aw — f*w.. + LOT =0, (5.10)

where the terms denoted LOT are lower order in derivatives of w. Thus, the solution for the vertical velocity w in
HBE is obtained from an elliptic equation. The appropriate horizontal boundary condition for w in a finite domain
comes from tangency of the horizontal velocity, the buoyancy equation (5.3) and hydrostasy equation (5.7). This
boundary condition is given by

—1
w = o (0;P- + (Yn + €x5)0sP-) on the boundary, (5.11)

where P is given in Eq. (5.8). The vertical boundary conditions for w are given in (1.10). Numerical solution
procedures for BEM are described in detail in [3]. These same numerical procedures apply for HBE, modulo the
redefinition in pressure p to P given in Eq. (5.8). In addition, because the omega equation (5.10) for HBE is elliptic,
standard methods for BE also apply in numerical solutions of HBE.

6. Kelvin circulation theorem, potential-vorticity advection and energy conservation for HBE

The HBE (4.16) implies the following Kelvin circulation theorem for HBE:

d d i
& f(R +euR) - dxz = ¢ [E(R—i—eu}z) + (R; +euRj)V3u§:| - dx3
y(r) yir)
=- ?g pZ - drs + % Vi(— p+ felug|* +u - R) - dx3
y) yit)
yit)

for any closed curve y () moving with the fluid. We compare this result with the Kelvin circulation theorem for PE
in Eq. (3.5), rewritten as

d d
—f(R+eu)~dx3:—%(R+euR+62uD)-dx3:—y(pdz. (6.2)
dr ———— dt —_— ———

y{1) PE yi) HBE Zero y{t)

Since the last term vanishes, by 'fup - dx; = f dx = 0, one expects the HBE circulation integral to differ from
that of PE only through the differences in buoyancy between the two theories.

6.1. Potential vorticity for HBE

Applying Stokes theorem to (6.1) on a surface of constant buoyancy p gives

d
Ef / [curlz(eur + R) - V3p] (6.3)

SNlp

Vapl
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Thus, the flux of total vorticity through a surface of constant buoyancy is invariant for HBE. Taking the three-
dimensional curl of the ug-equation in the HBE (4.16), rewritten as

€dug — u3 x curlz(eur +R) + pf + Vi(p + %EIuRI2 + €%ug -up) =0, (6.4)
implies the total-vorticity relation

orcurly(eur + R) — curly (u x curlz(eugr + R)) =% x V3p. (6.5)
As a consequence of Eq. (6.5) and dp/dr = 0, the potential vorticity, Q, satisfies the advection law, cf. Eq. (2.16),

do 0

= o +u3- V30 =0. where Q = curls(eur +R) - Vip. 6.:6)

Advection of both Q and p, combined with the tangential boundary conditions on u3, yields an infinity of conserved
quantities,

Co :/d3.r¢(Q.p'). (6.7)

for any function @.
6.2. HBE energy

An energy conservation equation may also be derived for the HBE, by taking the scalar product of u3 = (u, ew)
with Eq. (6.4), summing the result with z times dp/dr = 0, and using V3 - u3 = 0 to find

9 )
E(%elualz +2p) = —€'V - (xour) — V3 (p+p + selurl® + € ug - up)us. (6.8)

The integrated energy,

E :/ d*z)((%eluRl2 + zp). (6.9)
is then time-independent as a consequence of the boundary conditions (1.10) and (4.10), namely

u3-fiz =0 and #-0,ugr =0 at the boundary. (6.10)

The conserved quantities £ and Cg are evidently the asymptotic legacy of the corresponding quantities for the PE
and result from the derivation of HBE from HP. More of the nature of these conserved quantities will be clear from
the Hamiltonian formulation of the HBE given in Section 7.

7. Hamiltonian formulation of Eulerian HBE
7.1. Legendre transformation in Eulerian variables

In order to find its associated Hamiltonian, we Legendre transform the HBE action, (4.11) at order O(¢). The
action at this order is given by

Lugg = Lo + €L
:f dzf d*x|Du - R(x) — Dpz — p(D — |)1+ef dt/ d*xiDlu — eupl®. (7.1)
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The momentum 7 4 canonically conjugate to /4 at this order in € may be computed using the variational formulas
in Egs. (2.6) as follows:

_ 8Lupe _ Sub 8Lupp

Mg =—77 = .
814 817 sul
—1.i 0LHBE
=—(D 1)'/1__7_
Suy
= —(D")yD(Ri + eur;) + (D™} A7 5.8 Duf. (7.2)
where we have used x = —A~'w. and integrated by parts in calculating the last term. The momentum density

defined by m; = —my4 D,.A with i = 1, 2, 3, is given by
m; = D(R; + eug;) fori=1,2, mz = —GA"'(Dué)_j: fori = 3. (7.3)

Eventually, m3 will vanish when the condition (Du]j{)‘j = 0 is imposed. However, we must first take variations of
the HBE Hamiltonian with respect to m3. Using (7.2) and the definition of the fluid velocity in Eq. (2.3) leads to a
useful formula

aalf =ms-us=m-u+ emsw. (7.4)

The Legendre transformation to the Hamiltonian for HBE is then expressed purely in terms of Eulerian variables,
as

HBE:/ djx[rr,ql:‘,' - LHBE]

:/ d3x[m3 -u3—Du-R— %eDlu — equz + Dzp + p(D — l)]. (7.5
Substituting the definitions m = D(R + eur) and ugr = u — eup into Eq. (7.5) gives the Hamiltonian
1
Hgg = / dx [z—p—lm - DRI2 +Dzp + p(D — 1) + ewms + €(m — DR) -uD] . (7.6)
€

which consists of the sum of the order O(¢) approximate kinetic energy, the potential energy, and a sum of terms
that appear in the form of constraints on Hgg. The variational derivatives of Hpg(m3, D, p) are given by

8 HgE :f d3x[u3 -8m3 + Dzép + ( — %6|MR\2 —u-R+zp+ p)sD
+(D — 1)ép + m3dw + [m — D(R + €uR)] - éu
+3xV~(DuR)]~/dzf ds Dy - ug. 1.7)

Thus, the quantities p, w, x and u appear to be five Lagrange multipliers which impose the following constraints:

ép : D —1=0, volume preservation of the flow;
du : m— DR+ eugr) = 0, which defines m in terms ofug and D; (78)
sdw : m3 =0, asexpected with mz = —eA_"d:VoDuR: .

dx ¢ V -(Dugr) = 0in the interior and ug - i = 0 at the boundary.
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However, the variations 8 x and dw are linked by the formula
Sx = —A" 185w, (7.9)

Hence, we may integrate by parts in Eq. (7.7) to regroup these terms, as

SHge :/ d3x[u3 -8m3 + Dbp + ( — %e|uR|2 —u-R+zp + p)sD
+(D — 1)8p + [m — DR + cur)] - Su
+my + A9V - (m — DR))sw] — §£ dsdx# - ug. (7.10)

Thus, vanishing of the variations of Hgg with respect to the velocity components (the du and dw terms) defines the
components of the momentum density, cf. Eq. (7.3). This is a general property of the Legendre transformation [6].
This property also holds, e.g., in the case of the Hamiltonian formulation of the PE, which is the same as for HBE
modulo terms of order O(e?).

Remark. The constrained Hamiltonian Hgg is equal to the conserved energy E in (6.9) when the constraints in (7.8)
are imposed. Actually Hgg is a Routhian; the pressure p is not Legendre-transformed, since it has no canonically
conjugate momentum. See, e.g.. [ 19] for the analogous situation in the case of the incompressible Euler equations.

7.2. Lie—Poisson bracket in Eulerian variables

The change of variables from 74 and [* to m3. p and D, given by
msy = —m4 V3t p=pUM). D = det(V3lh). (7.11)

transforms the canonical Poisson bracket arising from HP, namely,

8F 8G  8G 6F
F.GHraa M =— | &x|—— - — . 7.12
(F. Gl (ra. 1%) / ‘[sm T 51A} (7:12)

into the following Lie—Poisson bracket in terms of variables m3, p and D, whose algebraic properties are discussed
in full detail in [16,17,19,20] and references therein
8F §G 383G 3G
F,GYm3, p. D)=~ [ d&'x| — [ (8;my 3)— — pi— + D —
{ Hms. p. D) / x|:5m3[_ (( im3; + m3, )6m3_/ p. 30 + 18,D)

5F  5G  SF__ 5G
8F ] (7.13)

50" omy; oD my; |

where 9; = 8/dx/. j = 1,2, 3, operates on all terms it multiplies to its right. This Lie—Poisson bracket satisfies the
Jacobi identity,

{EAF.G}} +{F.{G.E}} +{G.{E,F}} =0, (7.14)

for any functionals £, F and G of m3. p and D, simply because (7.14) is a variable transform of the Jacobi identity
for the canonical Poisson bracket.
The corresponding equations of motion are given in Lie—Poisson Hamiltonian form by

dim3; = {my. HpE} = —(3;m3i +m3;80)u} + piDz — Do;( — Lelur > —u-R +2p + p).

) (7.15)
dp =1{p. Hge} = —p_ju3. 3D = {D. Hgg} = —8;Duj.
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These are the HBE (4.16) now expressed in terms of ms3. p and D. Substituting into (7.15) the definitions of the
components of mj3; given in Eq. (7.3) recovers the HBE motion equation in the form that appears in the Kelvin
theorem calculation in (6.1), namely

d : ,
7 (CUR + R+ (eur; + R)Vsuz = —p2+ Va(— p + selur|® +u - R). (7.16)

If D is initially equal to unity, it will remain so under the dynamics of (7.15), provided V3 -u3 = 0. If m3 = 0, it
will remain so under the dynamics of (7.15), provided the modified hydrostatic condition p + p. + €’ug -up; =0
is satisfied. The Lagrange multipliers p and x satisfy the divergence and hydrostasy equations (5.6) and (5.7).

Remarks. (1) The Hamiltonian (7.6) for HBE differs from that of PE by terms of order 0(62), and the Hamiltonian
structures of the two theories are identical in form, but with O(e?) differences in the expressions for their horizontal
momentum densities. See Holm and Long (18] and Roulstone and Brice [29]. In both theories, the constraints
imposed by the Lagrange multipliers p (for volume preservation) and w (for hydrostasy) each remove one degree
of freedom from EB. In HBE, the relation between w and x removes one more, so only two degrees of freedom
remain, ¥ and p.

(2) The mathematical nature of the Lie—Poisson bracket (7.13) for HBE and others like it (which are defined on
spaces dual to semidirect-product Lie algebras) is discussed in detail in [16,17,19,20]. The Casimirs Co for the
Lie—Poisson bracket (7.13) have variational derivatives that lie in the null space of the Poisson operator for (7.13)
and, thus, they Poisson-commute with every functional of the Eulerian variables m3. p and D. Consequently, they
are conserved, since they Poisson-commute with the Hamiltonian Hgg, which is expressed in Eulerian variables
and generates the HBE evolution under the operation of Lie~Poisson bracket. One particular implication of the
Casimirs is that the canonical transformations they generate in the Lagrangian variables [* are the steady HBE
flows. Thus, the steady HBE flows are relative equilibria of the Casimirs. That is, they are critical points of the
sum Hc = Hpg + Co of the Hamiltonian Hgg and the Casimirs, Cp. The functional freedom in the definition
of the Casimirs allows all of the steady HBE flows to be characterized this way. This setting makes it possible to
investigate the Lyapunov stability properties of the HBE steady flows using the methods described in [2,18,20]. We
do not pursue such a stability investigation for HBE steady flows here, because of its O(e?) similarity to that for the
PE, already discussed in [18].

8. Isopycnal representation of PE

In the PE (3.1) the buoyancy p is a Lagrangian coordinate, which may be used in place of the vertical Eulerian
coordinate z, provided the function

I=h{x.y.p.0) (8.1)

is one-to-one (i.e., provided h, = 1/p. # ). Upon making that assumption, the action Lpg in HP for the PE in
Eq. (3.14) transforms to

Lpg = / dtf dxdydp[LeDl|* + Dit - Rx) — Dph — p(D — hy)], (8.2)

where tilde ~ denotes dependence on (x, v, p. t). For example, & = (i, 9) are the components in the fixed x and y
directions of the horizontal fluid velocity, expressed as a function of (x, y, p. t). That s,

G(x,v.p.0) =u(x.v.h{x.yv.p.1).1). (8.3)
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Likewise, the Lagrangian coordinates [“(x, v, p. t) are related to the earlier ones, /“(x. y. z.7),a = 1,2, by
Fx.v,pot)y =1y hix.y.p.0).0). a=1,2. (8.4)
Thus,
Vit = VI, v hix.v.p)t) = VI“ +1¢Vh, (8.5)

where ¥ denotes (3;. d,) at constant p. By the definition (8.4), [ and [ satisty the chain-rule identities,

1 ~
[“ = —I1Y witha =1, 2.
e h Ny
Lo 1. _ - (8.6)
V4 =VI* - —1*Vh, a1 = 0,0 — —1% 8,h.
P N
1p hy
Being Lagrangian coordinates, the I%(x. v. p. 1) also satisfy the advection rule
die . .
0= o= Wl +a-Vi“ witha =1,2,
d -
= E[“(x. yoh(x oy p. ). )y =80 +u- VI +188,h +u-Vh). (8.7)
Hence, the vertical velocity w(x, v. p.¢) = w(x. v, h(x. y. p.t), 1) is found from the last term of (8.7) to be
- dh L =
ewx.v,p. 1) = @ =oh+a-Vh, (8.8)

upon using definition (8.3) to replace u by . Note that Eq. (8.8) implies that the space and time derivatives of 4 are
of order O(¢), i.e..

|3,h] = O(e) and |Vh| = O(e). (8.9)

In also follows from Eq. (8.8) and the incompressibility relation,

- | -
Vius=V i —i, Vh+ —
hp hy

Wp. (8.10)
that

dhy ==V - hyi. (8.11)
Finally, Eq. (8.7) for the advection of [“ implies that the isopycnal Jacobian D = det(Vi?) satisfies

&D=—-V - Da. (8.12)

So D and h, satisfy the same equation. This is the meaning of the constraint imposed by p in the action (8.2).
Varying the action Lpg in (8.2) at fixed (x. y. p. 1) gives

8LpE :/ dt/ dxdydp[(Dei + DR(x)) - 8 + (ela|* + it - R(x) — ph — p)3D
— Dpsh + pshy, — (D — hy)8p). (8.13)

This formula is expressible in terms of variations 8/ with respect to the Lagrange coordinate I“ on each level surface
of buoyancy, p, by using the definitions (cf. Egs. (2.6))

8D = DD Nl si' = (DLl sl — (D8, i = 1.2, (8.14)
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where partial derivatives are taken at constant p. We substitute these definitions into the variational formula (8.13)
for  Lpg and integrate by parts using the tangency conditions on the velocity at the boundary and requiring 84 to
vanish at the endpoints in p. Consequently, we find (cf. Eq. (2.7))

MPE:/ dr/ dxdydp{sl“[3:(D(D™ "), (eir + Ri)) + 3; (Dl (D™ ") (eiti + Ri))]
+5[~('8,*[D(DV|);1(.5 + ph — - R—- %elﬂ‘z) ]

i

—(Dp+ pp)8h — (D — h,)8p). (8.15)
Rearrangement of formula (8.15) using the continuity equation (8.12) for D and the identities (cf. Egs. (2.8))

d

3D =D N, 9D (DD ")) =0. P

(DN, =i ;D7 (8.16)

fora.i. j = 1.2 gives

Yo o d . . ~
SLpE :/ dr / dxdy dplD(D]);(Sl“ I:eau,' +a/(Rij —Rji))+(p+ ph)_,}
‘(Dp+ﬁp)5h —(D~hp)5ﬁ]- (8.17)
Vanishing of §Lpg for arbitrary variations 814, 8h and § p within the domain of flow implies the dimensionless
isopycnal PE, called IPE,

d -
eaft—kfixﬁﬁ»V([}anh):O. phy + pp =0. (8.18)

where we have used D = h, and @g - Ai|, = O at the boundary. This is a closed system, when augmented by the
kinematic conditions,

dh -
€W = N ~= o:h + @ - Vh (the definition of vertical velocity), (8.19)
0hy =—V - h,ii (incompressibility).
in which [8,4] and |V~7h[ are order O(e¢). Kelvin’s theorem for IPE (8.18) is expressed as, cf. Eq. (6.2),
d
— P R+ed)- de=0. (8.20)

yir)

where the contour y () moves with horizontal velocity & on an isopycnal surface.

Thus, the isopycnal PE (8.18) emerge from HP. upon transforming the action £pg from Eulerian coordinates
(x, ¥.2) to mixed Eulerian (x. y) and Lagrangian (p) coordinates and assuming that the Jacobian #, does not
vanish. The same isopycnal PE can, of course, also be obtained by applying this transformation directly to the
Eulerian PE. However, we shall find this approach via the transformation of HP useful in Section 9, in constructing
an alternative to the direct isopycnal representation of the Eulerian HBE derived in Section 4.
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9. HP for isopycnal HBE
9.1. Recap of Eulerian HBE

The HBE in Eulerian coordinates (x, y. z) are

€diug + € wur. + (X + I x u+ Vip+ %eluR\z + e%ug -up) =0,

p+ p-+€ug -up- = 0. in which —d&‘f —0. oD
The divergence equation (5.6) which determines the balanced pressure is rewritten here as

Ap =V - (fVY) = 2e[¥ U]+ €2 ((x. flel + AlY. x]+ [x. Ay ] + [ w]) = 0. (9.2)
Also recall that u = ugr + eup. withug = 2 x Vi, up = Vy, and w- = —Ay. The action in HP for the Eulerian
HBE is given by £y + €L in Eq. (4.11) as

Lhpe = Lo+ €L = / dt/ d3x[%6D|u —eup|® +Du - R(x) —~ Dpz — p(D - 1)]. 9.3)

9.2. Direction transformation of HBE to isopycnal coordinates

The Lagrangian coordinate p may be used in place of the Eulerian vertical coordinate z, provided the function
I=h(x.y.p.1) 9.4)

is one-to-one (i.e., provided &, = 1/p. # 0), which we assume. The kinematics and notation of the transformation
to isopycnal variables is explained in Section 8. The Helmholtz deomposition (4.2) transforms to &’ = iy + €y,
in the isopycnal representation, with iy and i, defined by the formulae

] —_

P =2 x (wu &,;w).

—

1o

Vi -

L3

Il

V. (9.5)

<1

, 1
D ",
Here tilde ~ represents dependence on (x, v, p.t) and prime * denotes the results of directly transforming the

Eulerian Helmholtz decomposition (4.2) into isopycnal coordinates. The Eulerian HBE (9.1) then transform into
isopycnal coordinates as

eddig + (€' + frE x i’ + V(P + ph + Lelag|? + e’ - dip) =0,
where (' =%-V x i, V-iig #0. (9.6)
ph, + pl, + €ty - dip, = 0.

The transformed velocity, @iy, is not isopycnally divergenceless (V -@ig # 0), since the isopycnal transformation
produces (cf. Eq. (8.10))

1 .
0=V ur =V iig — —it, - Vh. (9.7)
0



406 D.D. Holm/Physica D 98 (1996) 379414

and

lag -Vh = 0(e). (9.8)
hy °F

Consequently, the balanced equation determining the pressure p’ in the isopycnal representation of HBE resulting
from directly transforming the Eulerian Helmholtz decomposition (4.2) is not expressible in a simple form in isopyc-
nal coordinates. (Imagine transforming the order O(e?) terms is Eq. (9.2) directly.) This difficulty in transforming the
divergence equation to isopycnal (or isentropic) coordinates at order €2 does not occur for BE at order O(e), cf. [14].

9.3. Alternative isopycnal HBE

Because of the complicated form of the pressure equation obtained by directly transforming HBE to isopycnal
coordinates, we are motivated to seek an “alternative” set of HBE which would produce a simpler balanced pressure
equation in those coordinates, but would still have errors relative to the PE that are order O(e?). To obtain such an
alternative isopycnal HBE, we write a new Helmholtz velocity decomposition in isopycnal coordinates, as

i =iig +eiip=3xViy+—V3x. 9.9)

€
hp
in which @R is isopycnally divergence-free V - iig = O (primes are absent) and

f dxdvdph,itr - ip = 0. (9.10)

so that &g and @p are orthogonal with weight /. The introduction of the weight 1/, in é@p retains orthogonality
of éir and ép in the original (x, v, z) coordinates. We then vary the action Lygg in (9.3) at fixed (x, y, p, t). This
action transforms into isopycnal coordinates as

LHBE = / dt/ dxdydp[s€Dla — eiip|* + Dit - R(x) — Dph — p(D — h,)], 9.11)

in which #p is now given as h;lei in Eq. (9.9). Varying Lygg at fixed (x. y. p, 1) using the new velocity
decomposition (9.9) gives

8 LHBE :f dt/ dx dy dp[(Deiig + DR(x)) - §ii — € Diig - 8iip
+ (3€liir)® + @ - R(x) — ph — p)8D — Dpsh + psh, — (D — hp)8p). (9.12)

This is expressible in terms of variations 8/4. a = 1. 2. with respect to the Lagrange coordinate /¢ on each level
surface of buoyancy, p, by using the definitions (8.14) again. As in the case of §Lpg in Eq. (8.13), we substitute
these definitions into the variational formula (9.12) for 8 Lypg and integrate by parts using the tangency conditions
on the velocity at the boundary and requiring 84 to vanish at the endpoints in p. In the process, we find (cf.
Eqgs. (8.15)~(8.17) in the PE case)

- -~ - d ; . -
S LHBE :/ dl/ dxdvdp D(D_'):ISI” I:EEI;RI’ + GQIZRJ'I]]I)J + I]‘I(R,'.j — J,) + (ph + p),j|

= D_ . N s (D - }
+628)(V.;2—uk— Dp+pp+e‘<h—ﬂg-ﬁD) 8h— (D —hy)ép
o p
yel
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) D }
—6'/ dt% dsf dph—ﬁR R0 X, (9.13)
0

where |, is the horizontal unit normal vector at the boundary, which lies on a level surface of p. Vanishing of
8Lypg for arbitrary variations 8/, 8h. 8p and §x within the domain of flow and on the boundary implies the
following dimensionless isopycnal Hamiltonian balance equations, denoted IHBE, in a form similar to the IPE in
(8.18):

d e I, -
éEﬁR—ezuD,-Vu{qffz><u+V(p+ezuR-ﬁD+ph):0.

] (9.14)
phy + (p+€7iig - fip), = 0.
where we have used the constraints
sp: D =h,.
. & D . o . (9.15)
dx V. ;—uR = 0 in the interior and #g - |, = 0 at the boundary.
P
These equations are augmented by the kinematic conditions
) ~ . - dh . =
dh, =—V -hyit and ew:E:d,h+u~Vh, (9.16)

Thus, the IHBE emerge from HP, by transforming the action Lygg from Eulerian coordinates (x. y, z) to mixed
Eulerian (x, y) and Lagrangian (o) coordinates, assuming that the Jacobian 4, does not vanish, and using the
alternative isopycnal Helmholtz decomposition (9.9), which differs from that of (9.5) by terms in Vh of order
O(e) and has the virtue that @R is divergenceless as a combined result of the constraints imposed by p and x. This
process justifies choosing the Helmholtz decomposition (9.9) in which V'3 in éip acquires the weight 1/hp, so
that V - iig = 0 and V - h,lip = Ag, where A is the two-dimensional isopycnal Laplacian. The IHBE model is
balanced. since the time derivative &p, is absent in the elliptic equation that determines the IHBE pressure

Ap+pm) +V - (fEx @+ e@- Vg + e’ig; Vily) = 0. 9.17)

This balanced pressure equation (obtained from the horizontal isopycnal divergence of the motion equation in
(9.14)) is to be solved with Neumann boundary conditions

Rl - (V(p+ ph) + f£ x @ + %R, Vith) + ex|ig]® = 0. (9.18)

where « is the curvature at the boundary and |, is its horizontal unit normal vector defined on a level suface of p.
Finally, the relation between x and w in IHBE is obtained from the kinematic condition (9.16) as

ew, — (@ -Vh), =~V - (hpit) = —2- Vi x Vh, —cAj. (9.19)
The last equation is still properly ordered in e, since |V 4| = O(e). as discussed earlier, cf. Eq. (8.9).
10. Hamiltonian formulation of isopycnal HBE
10.1. Legendre transformation

In order to Legendre transform the action Lygg in (9.11) we first compute the momentum 7,, witha = 1, 2,
which is canonically conjugate to /¢ at order O(¢). By definition,




D.D. Holm/ Physica D 98 (1996) 379414
(10.1)

(10.2)

408
. 8Lupe i 8Lupr

sie 80 s
(10.3)

g =
~_1.i SLHBE

@ sut
where we have used Eq. (9.13). Thus, the momentum density defined by /2 = —7, VI is given by

=—(D" Y., D(eitr; + R;)

i = D(eiig +R).
Consequently, we have the usual relation
(10.4)

Tl = - @
The Legendre transformation to the Hamiltonian for IHBE is then expressed as

dx dy dp(7al® — Lupg)
dxdydplm - & — Dii - R — YeDlis — eiip|* + Dph + p(D — hp))

Higg = /
1 - - -
/ dxdydp [ﬁlﬁz — DR + Dph + p(D — hy)+e(@@m — DR) - ED] .
€
which is a sum of kinetic and potential energies, plus constraints on Higg. Again this is a Routhian; we are not
Legendre transforming the Lagrange multipliers, p, & and x, since these quantities have no conjugate momenta.

173
(10.5)

o

The variational derivatives of Higg (i, D) are given by
8 Higg :f dxdvdp {@ -8+ (— Selfig]> =@ - R+ p + ph)sD

iR -aD) 8h+ (D —hp)8p+83V -
P

-
Z

o

+ | Dp + (13 +€
(10.6)

.D_
—/ dp% dséx —aR - #t|,.
hp
where we have dropped a boundary term arising from integrating by parts in p. Thus, the quantities p, 4 and x are

three Lagrange multipliers that impose the following constraints:

D~ h, = 0, volume preservation of the flow:
) =0, modified hydrostasy;
P

8p -
- _ ,D_
oh Dp+<p+e‘—uRqu
hp
R = Oin the interior and &g - #t|, = O at the boundary.

8 b,

: —i
X "
10.2. Lie—Poisson bracket in isopycnal variables and Kelvin’s theorem for IHBE

~ . 6 .
The change of variables from 7, and / to i and D induces the following Lie—Poisson bracket from the canonical

Poisson bracket in 77, and [ (cf. Eq. (7.13)):
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- 8F - - 8G . 8G 8F _ ~ 4G
{F., G} (rh D) = —/ dxdydp | — | @jm; +m;d;)— + DB,-—T) + —~8jD—~—} , (10.7)
dm; dm; s$D 8D dm;
where 9; = d/dx’/. j = 1.2, operates on all terms it multiplies to its right. The corresponding equations of motion
are given in Lie—Poisson Hamiltonian form by
dm; = {m;. Hie} = —(3;m; +m;d)it! — Dd;( — seliir” — it - R+ p + ph). (108)

3,b = {D Hige} = —B_ibﬁj.
These are the IHBE (9.14) and (9.16) now expressed in terms of /i and D. Substituting into (10.8) the definitions
of /iz given in Eq. (10.2) recovers the IHBE motion equation in Kelvin theorem form, namely
d . & & -
o (€R + R) + (eiir; + R Vil = V(- p~ ph+ Selar|* +i - R). (10.9)

Hence, we obtain Kelvin’s theorem for IHBE:

d d -
E f(eiik +R) dx= % [E(eﬁR +R)+(€ﬁRj —I—Rj)Vl;JJ - dx
yn y(r)
= 5£ V(- p—ph+ 3elirl*+a@-R) dr=0. (10.10)
yit)

Application of Stokes theorem implies, as before, that the flux of total vorticity through an isopycnal surface is
invariant. Rearranging the IHBE motion equation (10.9) using the vector identity (3.4) gives

ediiip — it x (V x (eiig +R)) + V(p + ph + Yeliig|? + €%iig - ip) = 0. (10.11)

whose isopycnal curl in combination with the continuity equation for D = h o yields

d - ~ | = 1, = ~
— Q=0 withQ=—2-Vx(eir +R)==2-V xm/D. (10.12)
dr hy D
This is advection of the IHBE potential vorticity, which may also be written as
d .
d(fEeor) (10.13)
dr hp

where @R =2 -V x @ir = Ay is the scalar isopycnal vorticity. Hence, the IHBE conserve both the energy,

E= [ dxdydpD(ielurl’ + ph) with D = hy,. (10.14)

—

as well as the Casimirs,
Co = / dxdydp D®(Q), (10.15)

for any function @. The Casimirs (10.15) also Poisson-commute under the Lie-Poisson bracket (10.7) with any
functional of /iz and D, i.e.,

{Co.G) =0 forall G(m. D). (10.16)

Thus, the weighted Helmholtz decomposition (9.5) has led via HP to the system IHBE in (9.14), in which all of
the structure of the Eulerian HBE is preserved and the hydrostatic condition is slightly altered in isopycnal variables.
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Remark (on single layer IHBE for shallow water). We specialize IHBE to a single fluid layer of thickness, n. For
this, we decompose the horizontal velocity as

€
u=ur+eup =2 x Vi + -Vy. (10.17)
n

Substituting this velocity decomposition into the correspondingly modified action, cf. Eq. (9.11),

— b)?
Lswpe = / dt[ dxdy [%nu—euD|3+nu-R(x) - (’77):| (10.18)

2e F
yields Hamiltonian balance equations for rotating shallow water dynamics in essentially the same form as IHBE.
Namely, cf. Eq. (9.14),

d 2 - . . n—=»ab
equR € up;Vup + fExu+Vh=0 withh = o (10.19)

on+V.-nu=0.

In these equations f = - V x R, while & is the nondimensional height of the free surface above the equilibrium
level, 7 = 0. The bottom is fixed at z = —b(x, y) and F denotes the squared ratio of the typical horizontal scale of
motion to the Rossby deformation radius.

The motion equations (10.19) for shallow water HBE coincide with those for the shallow water BEM model
discussed in [4,5]. However, because of the weight 7 in the Helmholtz decomposition (10.17) for u, the equation of
balance for yx is different. Instead, the decomposition (10.17) and the divergence of eq. (10.19) combine to give

V - (fVY)— Ah =€lq. x]. (10.20)

Here ¢ is the potential vorticity, which is advected, cf. Egs. (10.12) and (10.13),

feAy  dg 9
P S U (1021)
n dr ot

These shallow-water HBE conserve the energy,

Eswge = / dxdy(§enlug|® + 1n%). (10.22)
as well as the usual Casimirs for the corresponding Lie—Poisson bracket in the Hamiltonian formulation,

Co :/ dxdyn®(q). (10.23)

for any function @. We will discuss the Hamiltonian formulation of the shallow-water HBE and its implications in
more detail elsewhere.

11. Summary of IHBE in comparison to IPE and other Isopycnal BE in the literature

The two families of Hamiltonian equations HBE and IHBE are only order O(e?) different from PE and IPE,
respectively. In addition, HBE and IHBE are balanced and retain an exact Kelvin theorem (which implies exact
potential vorticity advection). Our objective has been to create such equations by making approximations in HP for
the ideal fluid equations. We have also explored commonalities among the Lie—Poisson Hamiltonian descriptions,
conservation laws and Kelvin circulation properties of the resulting models. Section 5 compares the HBE with PE
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and with other BEs in the literature. Here we summarize and compare the isopycnal models IPE and IHBE. We also
discuss the differences between IHBE and another Isopycnal BE in the literature [14].
The motion equation and hydrostatic balance for the IPE model are recalled from Eq. (8.18):

d M .
eaﬁ—f-fixﬁ«l»V(p—%ph):O. phy +p, =0. (11.1)

In THBE, we first write the Helmholtz velocity decomposition in isopycnal coordinates, as in Eq. (9.9) with an
additional weight in the divergent component,

i =iig +eiip=2xVy+—V§i. (11.2)

€
hp
The dimensionless IHBE then appear in a similar form to Egs. (11.1) for the IPE,

d - 2~ 2 ~j " ~ (od -~
€ iR + e uRr;jVup + fZ x i+ V(p+ph) =0, (11.3)
~ 2~ ~
phy + (p+€lig -tp)y, = 0.
Both models impose D = h p and @ig - fi|, = O at the boundary. Both systems are closed by applying the kinematic
conditions.

d/ .
€W = 7177 = oh+ & -Vh (the definition of vertical velocity),

. (11.4)
dh, ==V -hyi (incompressibility),
in which |d,4] and W’h) are order Of(e).
We now write the IPE motion equation as “IHBE with order O(e) perturbations”, cf. Eq. (10.11),
€dlin — @ x (f + €ar) + V(p + ph + Lelig|® + iy - fip)
=€ (— i +a x (V x @ip) ~ 3eVlip)’?). (11.5)

where @r = V x iig and the left-hand side vanishes for IHBE. Thus, IPE can be regarded as IHBE driven by
an order O(e?) “Lorentz force™, E + @ x B. in which E = —3,4 — ?d) and B = V x A. The vector and scalar
potentials are identified as A = @ip and ¢ = 6|ﬁD|2/2.

The same comparison can be made between IHBE and IPE in Kelvin theorem form, cf. Egs. (8.20) and (10.10).
Namely,

d d d ,
—%(Rﬁ—eﬁ%dx:—%(R+eﬁR)~dx+—j£(e‘ﬁD)-dx, (11.6)
dr dt dr

yu) yir y()

IPE=0 [HBE=0 Balance

where the contour y (1) moves with velocity @ on an isopycnal surface. The last circulation integral in this case is
nonvanishing,

2
jgela,).dx: 4y #0. (11.7)
hp

Y ata)
The order O(e?) nonzero circulation of @p is the sense in which IHBE differs from both IPE and the Isopycnal BE
in [14], which has the same circulation theorem as IPE. The latter model also has exact hydrostasy but no conserved
energy. Like HBE, the IHBE model has two degrees of freedom, which can be taken as ¥ and & o
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11.1. Geometrical interpretation of Kelvin's theorem

As explained after equation (2.13), Kelvin’s theorem in the canonical Hamiltonian formulation is the statement
of invariance of the action integral § p dg on level surfaces of buoyancy in either Eulerian or Lagrangian variables.
From this viewpoint, the decomposition of the IPE circulation integral on an isopycnal surface in (11.6) may also
be understood geometrically, as follows. We shall regard 2 = (R + €iir) - dx (the IHBE circulation 1-form)
as a connection on a fiber bundle. Relative to this connection, horizontal vector fields X}, satisfy Xy - £2 = 0.
Consequently, the IPE circulation integral in (11.6) divides into horizontal and vertical components relative to this
connection, as

IIPE:%(R-Feﬂ)-dx:%(R+eﬁR)vdx+¢(ezﬁD)-dx. (11.8)

y(1) yir) y(1)

Total Horizontal Vertical

Applying Stokes theorem to these circulation integrals gives

I[pEZ/:/ (f+eA~15) dxAdy—}—//I:%,)E] dx A dy

Sy Sir)
AV - 1 [e€? -
=[f freav dllAdF+//— Coxldit A dP, (11.9)
i, n, Ln,
) St

where the Lagrangian surface element satisfies /! A di? =h o dx A dy. Also, A denotes the Laplacian and square
brackets denote the Jacobian expressed in isopycnal horizontal coordinates. Thus, the IPE circulation conserved
around any contour 7 (¢) moving with the fluid on an isopycnal surface is the area enclosed by that contour, weighted
by its vorticity in Eulerian coordinates and by its potential vorticity in Lagrangian coordinates. It consists of the
contribution conserved by IHBE dynamics plus the contribution arising from the divergent part of the IPE horizontal
velocity.

The geometrical significance of the decomposition (11.8) emerges from the relation of the Kelvin circulation
integral to the Poincaré action integral in the canonical Hamiltonian formulation. In the canonical Hamiltonian
formulations of IPE and IHBE, the corresponding Kelvin circulation integrals are expressed as, cf. Egs. (2.13) and
(10.1),

~ Ta ~ ja 62 s
Ipg = — f(”;PE/hp)dl = - f(”;HBE/hp)dl + % h—dX
P

y(r) yn v
:_/f d@FE /by A di
S
- _f/ d(zHBE /) A 4 +/f d (;_) A d7, (11.10)
S0 S g

where fr;PE and ﬁéHBE denote the momentum densities canonically conjugate to the isopycnal Lagrangian coordinate
fields{“, a = 1, 2, for the IPE and IHBE flows, respectively. Thus, the invariant IPE circulation integral /jpg around
any isopycnal contour y (¢) moving with the flow may be interpreted geometrically as the sum of the areas enclosed
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by the horizontal and vertical lifts of that contour onto Poincaré surfaces embedded in the phase spaces of the
corresponding components of the IPE system. The horizontal and vertical lifts of the contour are determined
relative to the connection defined by the IHBE circulation 1-form.

11.2. Concluding remark

Kelvin’s circulation theorem is a consequence of HP for ideal fluids and corresponds to invariance of the Poincaré
action integral § p dg in classical Hamiltonian particle dynamics. Asymptotic expansions of HP for fluids preserve
the Kelvin circulation property and lead systematically to the balanced HBE and IHBE models. The IHBE model
preserves the same balance and Kelvin circulation properties as HBE and is expressed in isopycnal variables. The
HBE and THBE models each have two degrees of freedom, as opposed to the three degrees of freedom for PE and
IPE. Up to a redefinition of pressure the HBE approximation is equivalent to the BEM model, which performs
satisfactorily in comparisons with EB (and with the equations of rotating shallow water dynamics in the case of
constant density) [3]. Both HBE and IHBE have Lie-Poisson Hamiltonian formulations and conserve energy and
potential vorticity on parcels exactly. Also, their steady flows are relative equilibria, i.e., critical points of a sum of
conserved quantities including the constrained Hamiltonian.
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